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Abstract. A nonlinear parabolic partial differential equation of heat conduction subject to the Robin boundary
conditions is considered. The equation describes energy conservation in the heater wire of a single-junction ther-
mal converter for both ac and dc currents. In the audio-frequency range the temperature distribution along the
heater is calculated and the ac-dc difference deduced by means of the Picard iterative technique. The previously
neglected effects of radiation and the thermal properties of the heater wire are included. An expression for the ac-
dc difference is also derived in the low-frequency regime. The thermal conductance of the thermocouple, which
has previously been neglected, is taken into account. The calculated increase in the ac-dc difference is consistent
with recent measurements. The solution in this limit is found by both an eigenfunction-expansion method and the
Laplace-transform method. Comparison of the solutions obtained by the two methods gives some useful formulae
for the summation of numerical series.
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1. Introduction

In most national standards laboratories the realisation of the dc electrical quantities is based
on the Josephson and the quantum Hall effects. The fundamental realisation of ac quantities
is performed by means of thermal converters, where the effect of the ac rms value and an
equivalent dc value can be compared in turn. Such a definition is completely dependent on
the accurate modelling of the intrinsic performance of the thermal device to correct for any
difference in its response between ac and dc.

In this paper we discuss the operation of the single-junction thermal converter (SJTC),
schematically shown in Figure 1. It consists of a straight heater wire, about 5 mm long and
10 um wide, usually made of Evanohm or Nichrome alloys. The lead-in wires are about 25
times larger in diameter, so that the Joule heat generated by the current occurs almost entirely
in the heater region. The mid-point temperature of the heater is sensed by a thermocouple
attached to the heater, often by means of a small ceramic bead. The amplitude of an unknown
ac current can then be adjusted, so that the output voltage of the thermocouple is the same
as that obtained for a known dc reference current. This implies that the rms of the input ac
current is approximately equal to the input dc current. However, owing to the presence of
non-Joule heating and the temperature dependence of the heater properties, there will be a
small difference between the dc and ac signals required to give the same output. This ac-dc
difference of the thermal converter is defined as
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Figure 1. Model of a SJTC.
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whereI,. and Iyct are the rms ac and dc input currents that produce the same output of the
thermocouple.

The thermocouple operation is based on the Seebeck effect, giving an output voltage
proportional to the increase of the midpoint temperature of the heater. Joule heat produced
by the current is conducted through the support leads and irradiated into the surroundings.
Depending on the direction of the current with respect to the temperature gradient, Thomson
heat is emitted or absorbed from the surroundings. Part of the heat is also conducted through
the bead and down the thermocouple.

The most accurate measurements of ac currents and voltages are performed at audio fre-
quencies (20 Hz to 20kHz) and in this range the international comparisons of base ac stan-
dards are carried out. However, there is an increasing need from industry for accurate ac
measurements at low frequencies (below about 20 Hz). We consider both ranges in this paper.

In the audio range the temperature along the heater is stationary owing to the thermal
inertia of the wire. The main cause of the ac-dc difference in this range is due to the Thomson
effect which is present in the dc but not in the ac case. In [3] this frequency range has been
considered, but the important fact that heat is also conducted along the thermocouple has been
neglected. In [1] the thermocouple has been taken into account, but the Thomson coefficient,
which is proportional to the absolute temperature, has been assumed constant. Both treatments
neglect the radiation and the temperature dependence of the electrical and thermal properties
of the heater.

In the low-frequency range the temperature starts to follow the oscillations of the power
released in the wire. The average value over an integral number of cycles does not coincide
with the temperature value in the dc case due to the nonlinearities in the heat flow equation.
In the previous considerations of this aspect of the problem [3] the heat conducted along the
thermocouple has been neglected. Here we derive a complete solution in both the audio and
the low frequency range&sThe expressions derived in terms of all the parameters involved

1 In the practice if the thermocouple is not attached to the middle of the heater it's response would be different
for the two directions of the dc current, the so-called reversal error [1], [2]. However, for the most accurate
measurements one can select only those SJTCs with negligible reversal error, and therefore in our model we
will assume that the ceramic bead is attached to the center of the heater wire.

2 The Peltier effect ([1], [2], [4]) due to the different materials used in the heater and support leads is not
discussed in this paper. This can be considered in addition to the present model.



Single-junction thermal converters 35

will be useful for the detailed analysis of SJTCs used to provide standards of ac quantities,
and in the design in high accuracy devices.

2. Mathematical description of the problem

The temperature distribution in the heater wire is governed by the following heat-flow equation
[5]

9 T aT  I%p oT
—(ak— ) —arl— + — — T4 - T = —. 2
ox <a ax) T ox + a peo( 0) = ams at @
The four terms on the left hand side are due to conduction, Thomson heating or cooling (with
ar = BrT wherefy is a constant for each material), Joule heating, and radiation, respectively
(a table of symbols is at the end of the article). The right-hand term is the rate of heat gained
by an infinitesimal element of the heater. In order to reduce convection, the SJTC is usually
placed in an evacuated glass envelope. The temperature at the end points of the heater wire is
fixed at the room temperatuf. Due to the thermal conductance of the thermocouple bead,
there is a heat sink at the mid-point of the heat@his means that (2) is to be solved on the
intervals—I < x < 0 and 0< x < [ subject to the boundary conditions:

T(:l:l’ t) = TOa T(O_, t) = T(O+a t)a

aT 3)
dax

oT
0x
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= ——(T(0,1) — Tp),
ak
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and the initial condition
T(x,0) = Tp. (4)

The temperature dependence of the heater properties (resistivity, thermal conductivity, and
specific heat) are as follows:

p=pol+a(T —To), k=ko(1+p(T —To), s=s0(1+¢(T —To)). ®)

For the currents of interest (typically a few milliamps) the maximum temperature increase
along the heater is of the order of magnitude of 100 K. In this case the Thomson and radiation
terms in (2) are much less than the Joule heatingedfd— Tp), 8(T — Tp), ¢ (T — Tp) < 1.

We therefore treat all these terms perturbatively. In order toffimee solve the above equation

for the temperature distribution and compare the mid-point temperature value in the dc and
ac cases. We distinguish two frequency ranges of the ac input: the audio range where the
temperature does not oscillate (from about 20Hz to 20 kHz and low frequencies where the
temperature follows the oscillations of the input signal (typically below 20 Hz).

3. Audio-frequency range

We first consider the above Equation (2) for the dc case. Since we are interested in the sta-
tionary solution(r >> msi?/k), we put the right-hand side equal to zero. If we take only the

31n principle, apart from conduction, there is also radiation loss along the thermocouple. However, without
current in the thermocouple the resulting temperature distribution is linear. Therefore this component of the heat
loss effectively only increases the thermal conductance of the thermocouple.
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Figure 2. The zeroth (a), first (b) and second (c) order of perturbatign= 291K, fr = 0-25 x 108 V/KZ,
00 =134x107%Qm, kg = 14W/(MK), N = 12,1 =25 x 1073m, as = 7-85x 10 11 m2.

Thomson term as a nonlinearity the equation can be solved exactly (Appendix A). However,
if radiation and the temperature dependence of the heater properties are included we have to
resort to approximation methods. Here we use the Picard iterative procedure [6], rewriting (2)
as

*T _ B-wril _ B, - RT. B ar\’ (6)
d.iz - di 77 1 4 d_i ’
where

I2 pol? peol?

B = Bi(1—nTo) — RT} B, = -4 R = ,

l( 77 0) 0> 1 a2k0 ’ ako
Igdl
W:_IBTdC, 7]=Ol—,3, i=£ (7)
ako [

For the zeroth order of iteration we také = n = R = 8 = 0in (6). The first order is then
obtained by solving (6) witl' (x) on the right-hand side approximated by the zeroth order
solution. The resulting linear differential equation is then straightforward to solve.

The temperature distribution for an ac current is also obtained iteratively from (6) with
W = 0 (in this case the Thomson term is proportional to the sinusoidal current; its contribution
to the solution will be of amplitude inversely proportional to the angular frequency of the
current so for >> k/ms1? the contribution of this forcing term can be neglected). An example
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of the iterative solution is shown in Figure 2. Both the dc and ac currents produce the same
zeroth-order temperature distribution (graph (a) on the figure). The difference between the dc
and ac distributions in the first-order iteration (graph (b)) is symmetric about the origin and
therefore we proceed to the second order of perturbation (graph (c)) where there is a difference
between dc and ac temperatures at the mid-point. This gives rise to a nonzero \&alue of

Since the results are of the forfae — To = a2l2 + asTj+ -+ and Tye — To = axl3 +
baTg + - - - anday, by < ap We can rewrite (1) to read:

_ Tac - Tdc
2(Tye— To)’

whereT,; and Ty, are the mid-point temperatures in the ac and dc casekdes I4.. Using
the second-order results for the mid-point temperature, we dbtain

_ ,B% Tolego 72 _ ,B% T02R50(15 +4N) 1&
32(ko)2(4RTS + N(3+ RTY)) 3840N (ko)3(4RTE + N(3+ RTY))

5= 8)

122880N(poko)*(4RTE + N(3+ RT3)) '

whereR,, is the heater resistance BtandN = 1+ K/(2ak/Il). We may reduce the above
Equation (9) to the result of Hermach [3] fof = 1, R = 0, and to the result of Widdis

[1] assuming the Thomson coefficient to be constant and taRing 0. Inglis developed a
method [7] for measuring the coefficients in the expansiah = c,1? + c4l* + cl® + - - -.

The results were in general agreement with (9), but fluctuations were also present due to
the nonhomogeneities in the heater material. The results for some typical values of heater
wires are shown in Figures 3 and 4. In the existing literature radiation has only been taken
into account in [8] where a simplified version of Equation (2) has been solved by a finite
difference scheme. The author concluded that radiation losses might be more important to
ac-dc difference than was previously understood. We can conclude from (9) that the relative
error caused by not taking the radiation into account is given by

Sp=o — N +4
k=070 g3ttt
3N

8R:0

It is hoped that this, as well as the formula (9), will be useful for the designers of SJTC.

Comment: In solving Equation (6) we have assumed that nonlinear terms act as pertur-
bations, anda posteriori verified that (the first- and second-order effects are decreasing by
several orders of magnitude). Alternatively, we can get the same result by rewriting (6) (to
simplify the expressions below we take the cAse n = 0) as

L@ @@ ) e

where
3/2
= R ldc Y= ,BTTO/ and v = p € ol?T}
2/ pokoTo’ VroKo ako

4 Since the number of terms in the iterative process gets very large we use Mathematica software.
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Figure 3. § as a function of the heater current for an Evanohm heatefifot: 291 K, 87 = 0-25 x 108 V/KZ,
00 =134x10"%Qm, kg = 14W/(MkK), a =314 x 1010m2, ¢ =03,/ =25x103m; N = 7.
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Figure 4. § as a function of the heater current for an Nichrome heaterfigr= 291K, 87 = 108 V/KZ,
0o =108x 107%Qm, kg = 14W/(mk), a =314 x 10710m2 ¢ =03, 1 =25x103m; N = 7.

We search for the solution in the form
T oy a1
o =" '

By substituting (11) in (10) we obtain a set of equationscftx)

0 i—1 de:
J
Z dx2 +812 gazctjldx
i=0 j=0
ioi=j '
¥ Z Ci—k—jckCjicr +¥dio | w' =0, (12)

Il
o

j=0 k=0 1=0

wheres; ; is the Kronecker symbol angd andy are small parameters. By substituting the
solution of (12) in (11) and using (8) we obtain (9).

4. Low-frequency range

Owing to the thermal inertia of the heater wire, the temperature does not follow the oscillations

of the source in the audio-frequency range. However at low frequencies the temperature does
oscillate. We are interested in the average value of these oscillations, which, because of the
nonlinearities of the heat equation, does not coincide with the temperature in the dc case. In the



Single-junction thermal converters 39

audio range we obtained a difference between ac and dc cases in the second order of iteration.
At low frequencies there is already first-order difference. The Thomson term does not cause
a change in the mid-point temperature for dc at this order and the average over the period of
ac oscillations of this term is zero. Therefore we omit the Thomson term below. Since we are
modeling a stable physical situation we have a well-posed problem. As above we will treat the
same small terms perturbatively. In the zeroth order of approximation, we rewrite (2) in the
form

°u  10u Ag

— T T =, 13
0x2 | ot k (13)
where
N 1?
u=T—T0, k = 0 A0= 2/00. (14)
mSo asnso

For the dc case] = I4 in the above equation. Since (13) is symmetric with respect to the
variablex, we solve the equation for! < x < 0 only. The boundary conditions are

ou

—-1,t) =0, —
u( ) x

= —hu(0, 1), (15)

x—0—
whereh = K /(2ak). A separation of variables construction yields

) Aox?2  Aol® hx Agl? 1
u(x, = —— — = =
2k o2k 14+hl 2k 1+hl

4A0 (1 — coqa,l)) sin(a,, (x + 1))
k 16
Zexp( ) DRI ]) — 20m]) (10)
where the eigenvalues, satisfy the condition
ol
tan(a,l) = ——. 17
an(e,l) o 17)

The exponentially decaying terms in (16) are simply transients for the pupose of the present
discussion, but they are of interest in the study of time constants of thermoelectric effects
[91-[11].

For the ac case with? = 7,2 (1 — cog2wt)), we rewrite (2) to read

9°u  10u Ag
— —— = —— —C02t 18
9x2 | ot 7+ coswn), (18)

with variables defined as in (14) with= I;s in the expression foAy. We separate the time
independent term by writing

u(x,t) =v(x,t) +wk), (19)
where

Aox?2  Apl? hx A2 1
== _ = _ ) 20
W) 2k 2k +1+hl+ 2k 1+ hl (20)
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The equation fow is

9%v  1dv  Ap cos20)
— T = = = wt),
ax2 kot k

After performing the Laplace transform we obtain from (21)
20 1 _ A s Ao [,  hxI? 12
— =SV = — — | X"+ - s
ax2 i k 24+ Qw)2  2k2 1+hl 14kl

where:

f)(x,s)zf dre"v(x, t).
0

The solution of (22) subject to the boundary conditions
dv

v(—I,s) =0, I

= —hv(0, s),

x—0—

- 1 1
Ve = Ao (s‘z‘ W)

x|1-—

ﬁcosh(ﬁx) —h sinh(ﬁx) +h sinh(\/%(x ¥ z))

ﬁcosh(\/%l) +h sinh( %l)

+A0 2, hxl? 12
i\ T 1xm  1t+m)

By performing the inverse Laplace transform, we have

(x,1) Ao sSin2wt) + A 1 PV /Hiood e”—l
v(x, 1) = —— —P.V.
g 2w T 0 i S2+ 2w)2

\/%cosh(\/%x) —h sinh(\/%x) +h sinh(\/%(x + z))

X

Jicosh(\f31) +nsinh( /31)

y+ioco

1 1
Aot — Ap—P.V. dse’’ =
+4o 0oxi / g 52

y—i00

§ \/%cosh(\/%x) —h sinh(\/%x) +h sinh(\/%(x + l))

\/%cosh(\/%l) +h sinh(\/%l)

LAof o, hal? 12
— | X — .
2k 14+hl 14kl

(21)

(22)

(23)

(24)

(25)

(26)
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Figure 5. Poles and contours of integration for integrals in (39).

In order to establish whether the integrands above are meromorphic functions in the complex
s-plane, we investigate the zeros of the term in the denominator

ﬁcosh(ﬁl) + hsinh(ﬁl) =0.
k k k
We can divide this equation by cos(h\/%) # 0 (if cosh (\/%) = 0 one can verify that

sinh(\/%) # 0, so then (27) is not satisfied) to obtain

By
; Ji
tanh =) =—-——.
an (\/;) i

By denoting\/%l = a + ib, and equating the real and imaginary parts of both sides, we have

(27)

(28)

sinh(2a) _a (29)

cosh2a) + cos2b) ki’

sin(2b) b (30)

cosh2a) + cos2b) Al

Fora # 01in (29) cosli2a) > 1 so that costRa) + cog2b) > 0. If a > 0 then the left-hand
side of (29) is positive, but the right-hand side is negative, and vice vedssa i®. Therefore,

the equation is satisfied only far= 0. Then (30) reduces to:

b
tan(b) = ——. 31
nb) = - (31)
Sinceb = Jm( %l) ,a=0, and\/%l > 0, we have that the solutions of (31) are found for

s < 0, and they are positivé: > 0. Solutions = 0 of (31) is not included since:

|‘ \/%cosh(\/%x) —hsinh(\/%x) +hsinh(\/%(x+l)) _, 32
o \/%cosh( %1) T h sinh(\/%l) o o
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The poles of the first integrand are shown in Figure 5(a), and of second integrand in Fig-
ure 5(b). In both cases there are infinitely many poles along the negativeasial but since
the poles are distributed as

]g 2
0~ == (1= 1/2 forn— oc,

we can always find a cunE between them. It is easy to see that integral albnganishes,
and so we can use the residue theorem to evaluate the Bromwich integrals in (26).
After some algebra, we obtain

Ag .
v(x,t) = % sin(2wt)

+%((y(sinh(yl)sin(yl) — cosh(y!l) cos(yl))— h sinh(yl) cos(y )Y

+(y (coshyl) cos(y 1)+ sinh(y1) sin(y 1)) + h cosh(yl) sin(y1))?) 1
X ((3((h* + 2y?) cosly (x + 1)) coshly (x — 1))
—h?cody (x — 1)) coshly (x + 1)) + 2y? cos(y (x — 1)) cosh(y (x + 1))
+h?cogy x) cosh(y (x + 20)))) sin(2wt) — 2hy coshy (x + 1)) sin(y (x — 1))
+hy coshy (x + 21)) sin(yx) — h cosh(yx)(h coSy (x + 2))
—y sin(y (x + 21)) — 2hy coqy (x + 1)) sinh(y (x — 1))
+hy cogy (x + 20)) sinh(yx) + hy cogy x) sinh(y (x + 21)))) sin(2wt)
+(3(hy cosh(y (x + 20)) sin(yx) — 2hy coshy (x — 1)) sin(y (x + 1))
+hy cosh(y x) sin(y (x + 21)) 4+ h?sin(y (x + 1)) sinh(y (x — [))
+2y2sin(y (x + 1)) sinh(y (x — 1)) — hy coSy (x + 2I) sinh(yx)
—h?sin(y (x + 20)) sinh(yx) + 2hy cody (x — 1)) sinh(y (x + 1))
—h?sin(y (x — 1)) sinh(y (x + 1)) + 2y?sin(y (x + 1)) sinh(y (x — 1))
—hy cosy (x + 20)) sinh(yx) — h?sin(y (x 4+ 20)) sinh(y x)
+2hy cogy (x — I)) sinh(y (x + 1)) — h?sin(y (x — 1)) sinh(y (x + 1))
+2y2sin(y (x — I)) sinh(y (x + 1)) — hy cos(y x) sinh(y (x + 21))

+h? sin(y x) sinh(y (x + 21)))) cos2wt)
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ek sin(a, (x + 1)), (33)

4A0 <~ 11— coSa,l 2w)?
pRooy ook 12)

k= sin(2a,l) — 20,0 a2(a*k? + (20)2
wherey = /w/k anda,! denote the solutions of (31). From here, we have for the temperature
increase in the stationary state— oo)

u(x,t) = wk) + f(x)co2wt) + g(x) sin(2wt), (34)

wherew(x) is also the steady state solution in the dc case, fand and g (x) are the coeffi-
cients of cof2wr) and sin2wt) in (33). The temperature oscillates with twice the frequency
of the input signal, but, if we average (34) over an integral number of cycles, we have that the
midpoint temperature increase coincides with that for the dc edfet) = w(0). Therefore,

we proceed to the first order approximation, that is, we rewrite (2) for the dc case as:

0%u 1 N c—PB \ ou
— —\=t—u|—
9x2 k k ot

ou 2 Ao R
4 3 22 3
= —— — — ) —n—u— =W +W’Ty+6u°T§ + duTy). 35
2= p(5) — 0t 4T+ 6T + ) (@)
Since we are looking for the stationary solution, we take the time derivative equal to zero
and on the right-hand side assume that the temperature increase is equal to the zeroth-order
solutionu = w(x). Similarly, for the ac case we can write:

0%u  1ou A du

AO 2 AO
- — I — = —— 4 —coY2wt) — — | —n—u(l— coq2wt
%2 Lo k+k S2wt) ﬂ<8x> nku( 2wt))

R . —pB du
—1—2(144 + 4u3To + 6142T02 + 4uT03) + P uE.

(36)

After substituting (34) in the right-hand side of (36), averaging over an integral number of
cycles, and comparing with Equation (35), we haveugk (the difference in the temperature
increases between the ac and the dc case) the following equation:

FPwgr B ([df ? dg)?
&z - 2 (a) +(a>

A R
+%7°f<x) — BIBIE(F200) + g(0) + 6Tow () (F2(x) + g7(x))

+3w?(x) (f2(x) + g2(0) + 2(f2(x) + g2(x)%,  (37)
with the boundary conditions:
wyitf (—1) = 0,

duy (38)
‘g)‘j“ = —hwair (0).

x—0—
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SinceT; is the room temperature in degrees Kelvin, it turns out after integration that we can
neglect terms in the square brackets of (37) other than those proportidili¢e obtain the
ac-dc difference frond = —wygi (0)/(2w(0)). The result is

Aol? ’
8= 7(7757; + Bdg + RT56r),
5 = — o (MRe(ry(1+ yl — vl
T B4yl
—ra(1—yl — e ) — 2p1Tm(r, — 1p)),
A2 2 e2 1
§p = — 142yl — ¥
8 256(yl)4(lrll 1+2y )
+r22(1 = 2p1 — e 2y — 2R(r1ro(1 — €71)) + Ay 1Tm(riry)),
1 2 ~ (1+i)yl
Sp = (=96(y1P + 48A0m(—ri(1+ 2yl — e+l

256(y 1P
—rp(1 =2yl — e ) — yIRe(ry + rp))
+3A2(Ir 2L+ 2yl — €71 + |ra)?(1 — 2yl — e 2y

+2Re(r1ra(1 — €7Y)) — 2p1Tm(rira))),
(39)

A = ((ylsinh(yl)sin(yl) — coshyl) cos(yl))— hl sinh(yl) cos(yl)¥

+(yl coshyl) cogyl) + sinh(yl) sin(yl)) + hl cosh(yl) sin(y 1)) 2,

r1 = hi(hl —yl(A—i)e 2" —hi(hl +yl(1—i)) e !

+@2(y1)? — (h1)? = 2ihy1?) e T L 2(y1)2 4 (h)? + 2hy1?) D7

ro = —hi(hl 4+ yl(140) €' + hi(hl — yl(1+i)) e !

+(=2(y1)? = (h1)? 4 2hy1?) e 7 4 (—2(y )% + (h1)? + 2ihyl?) eV,

This expression is valid at all frequencies. In particular, we havesthat 0 asw — o0, SO

we need to go to the next order of approximation, as indeed we have done, in the treatment of
the audio frequency range. In the cagde> 5, (39) can be slightly simplified by neglecting

e ’!in all terms. If we takeés = 0 (no thermocouple heat conductance), (39) reduces to the
case considered in [3]. We presenas a function of the source frequency in Figure 6 for
some parameter values. This is in general agreement with the form of the measured data of
reference [12], although exact agreement is difficult to obtain without detailed information
on the construction of the device that was used (in particular the temperature characteristic
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fin Hz

1 2 3. 4 5 6 7
Figure 6. The ac-dc difference as a function of frequency fag = 291K, « = 90 x 106K-1,

B = 15x 103K™1 pg = 1.08 x 10°8Qm, kg = 14W/(Km), m = 8503kg/m3 so = 435 (kgK),
1—0005Ahl—126a—636><10_11m28—031—25><10_3

of the thermocouple). The experimental data tends to decrease with frequency faster that the
theoretical curve.

In the Appendix B the result faxris presented which is found by means of the eigenfunction-
expansion method. Comparison of the two methods in Appendix C gives us some useful
formulae for the summation of numerical series.

5. Conclusions

We have solved perturbatively the nonlinear heat-flow equation for the heater of the single-
junction thermal converter. We have considered the two limiting cases: audio and low-
frequency ranges. In the audio range, the treatment includes the previously neglected effects
of radiation and the thermal properties of the heater wire. It is shown that the relative error
caused by not taking the radiation into account is giveang(N + 4)/3N. If only the
Thomson effect is taken into account we find an exact solution in terms of the Airy functions.
In the low-frequency case, in addition to the nonlinearities of the heat flow equation, we
include the thermal conductance of the thermocouple. Complete solutions are derived for
both frequency ranges allowing accurate calculations of the ac-dc difference and clear design
guidelines for SJTCs. Considering the problem at low frequencies by both the expansion in the
eigenfunctions of the Sturm-Liouville problem and the Laplace transform, we have arrived at
expressions for numerical series

i (_l)n(zn _ l)Zk—l i (21’1 l)Zk
2n — D*+a? 2n — D* 4 a*

n=1 l

that could be useful in other branches of science and engineering.
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Table I. List of symbols

a  cross-sectional area of the heater wire Vj, voltage across the heater

k  thermal conductivity of the heater o temperature coefficient of the heater resistivity

[ half-length of the heater wire ar Thomson coefficient

m  density of the heater B temperature coefficient of thermal conductivity of

p perimeter of the heater wire the heater

s specific heat of the heater §  ac-dc difference of the SJTC

t time e  emissivity of the heater

I heater currenl = Igc andl = Igc= ¢ temperature coefficient of the specific heat of the
IrmsSin(wt) in the dc and ac cases, respectively heater

K thermal conductance of the thermocouple resistivity of the heater

Ry heater resistance at room temperature Stefan—Boltzmann constant

T absolute temperature o 2nf wheref is the frequency of the ac source
Tp room temperature

Qo

Appendix A. Solution of heat equation with only Thomson term

If we neglect the radiation term and take= 8 = ¢ = 0 in (6), we can reduce (2) to the
Ricatti equation

ar (X) 2
=n(X)=qgT*X Al
ax p(X) =qT*(X), (AL)
where
1%p Brl
X = , X) = _—X’ = — A2
x+C p(X) pen 1= (A2)

Making the substitutiol = —w'/(qw), we get
w”(X) + p(X)qw(X) = 0. (A3)

After solving (A2) we get for—I < x < 0 the following temperature distribution

(4P AI'z(x)+C2Bi (2(x)) (B NP (2 G
Tm:(ﬁ) Ai(z(x)+C2Bi(z(x)) Z(x)_<<4pk)2> Vh<7+7)’ (A9

where Ai(x), Bi(x) are the Airy functions(Cy, C, are the integration constants, akg =
21pl/a is the volatage across the heater. By denoting the integration constatys@s the
same expression (A3) is valid for the intervalO x < /. Those constants are obtained by
using the boundary conditions (3).
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Appendix B. Result for § at low frequencies by using the eigenfunction expansion

Using the eigenfunctions of the homogeneous part of (21) we can write it's solution as

Aox?2  Aol® hx Agl? 1
ux,t) = —— — — + —
2k o2k 14+hl 2k 1+hl

+4A012 i (1 — coS,l)) sin(e, (x + 1))

]; (anl)z(Sin(zanl) - 2anl)

exp(—kat) | . (B1)

CoS(2wr) + £5 sin(2wt) (,f—wz>2
1+ (,f“;

2 + % 2
~) 1+(2)

Following the similar steps as in the main part of the text we obtain for the ac-dc difference:

8= Qi)+ Y Qolenl,an),
n=1 n=1 m=n+1

sin(a, ) (1 — coSa,l)) 1
- — 2
Sln(Za,,l) zanl (anl)4 + <2le>

Aol?
Q1 (anl) = n%za + hl)

+B

Aol? 4( 1 — coSa,l) >2 (anl)?
(

- - — 3
k sin2u,l) — 20,1 )t + (20,712>

2 (2a,1)2

< 1 1—2anlsin(2a,,l)—coq2a,,l)>
X +

Aol? 1—coSa,l) \2 1
+RT2ZS 24( etd) )
k (

H _ 2
sin(2u,l) — 20,1 o) + (2“’712)

1 1+ 2a,lsin(2a,l) + coS2u,l)
x(—5 - ;
2 (20,1)?

(B2)

Aol? . 1—coSa,l) 1 — coqa,,l)
nla ml = —8 . "
Qalenl, anl) = P8 s ol SN2, l) — 2]

(anl) (otml) ((anl)z(am)z + (2“)712)2)

<(anl)4 + (2“’712)2 (ot )* + (2“’712>2>

X
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1— (a,l — a,l) sin(a,l — ay,l) — coda,l — a,,l)
X
(anl - aml)z

1— (a,! + a,l) sin(a,! + a,l) — coYa,l + a,,l)
+
(nl + )2
Aol? 1 — coSa,l) 1 — coqa,,l)

+RTZ——48— .
k sin(2a,l) — 2w, Sin(2a,,, 1) — 20,1

(@nl)2(cn)? + (2&)752)2

" <(oznl)4 + (2‘*’7’2)2> ((aml)4 + (2“’712)2>

1— (a,l — a,l) sin(a,l — a,l) — coSa,l — a,,l)
X
(apl — apl)?

1+ (a,l + a,l) sin(a,! + o,l) + coSa,l + a,,l)
(anl + apl)?

Equation (39) is a closed expression of (B2). Depending on precision required, up to 10 terms
in (B2) produce the same result as (39).

Appendix C. Some useful numerical series formulae

By comparing the results obtained by the two approaches in the low frequency range, we get
some simple enough expressions which probably frequently occur in science and engineering,
and are candidates for inclusion in the standard tables of $@&jesomparing (B1) and (33)

and taking the special case/ot= 0, we have:

16 & . 2n—1
— 2D
T @-pt+ (22

7 cos<(2n — 1)%)

_ (sin(yx) sinh(y x) cog(y!) coshyl) — cosy x) coshy x) sin(y!) sinh(y1))
B (yD)2(cosh2yl) + cos2yl))

. (C1)

128(yl)2 ad (_1)n X
Z cos((2n—1)—
7 n=1 (2n—1) ((2n—1)4+ (2J3yl)4> < 2 )

B 1 1 2cos(yx) cosh(y x) cog(yl) cosiy D)+ sin(yx) sinh(y x) sin(y 1) sinh(y 1)
T 20y1)? [ - cosh2y 1)+ cos2y1) ] ’

(C2)

5 Some of the formulae below are actually generalizations of the corresponding entries in [13].
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These relations can also be verified directly by expanding the right-hand sides into generalized
Fourier serier by using the orthogonal baseg@s— 1) x/(2])) on the interval-I < x <

0. We obtain the first relation by twice differentiating the second relation with respeft to
One can also see that this should be satisfied by substituting (34) in (18). By integrating and
differentiating either of these equations and substituting the appropriate valugsvipbtain

closed expressions for the numerical series of the form:

i (_1)/1(2n _ 1)2k—1

~ (- D*+a* ©3)
and

— (2n—D*

nX: 2n — D*+a*’ (€4)

wherek = 0, +1, +2, .... Some examples are

N

- (2n-1%  Von Sinh(%) + sin (7n
@ —Di+a* & cosh(m) + COS(a

g

85

* (—1) (20 — 1) B smh( f) sm<7>
1 (21/1— 1)4+Cl4 o 2Ll COSh(T) +COS(“—”2)’

@ -Dfvat 8“3 cosh(“%) + cos(“—”z)’
> (—1n+t T cosh %) cos(%)
; @ D@0~ +a* ~ da . Zcosh<;’2; + cosE“—’Z)) ’

= @-D*+at 2 cosh(%) + cos<ﬂ> ’

. 2 (1 V2 sinn(% )+S'”(‘;7”) )

i (=120 — 1)3 cosh(zf) cos(zﬁ)

S

gt
[

2n —1D2((2n — D4+ a*  8a*
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